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Design of a Variable-Geometry Suspension System to Enhance RoadStability
Bala´zs Ne´meth, Bala´zs Varga and Pe´ter Ga´spa´r
Abstract— The paper proposes the design of a variable-geometry suspension system, which affects both steering bygenerating additional steering angle and wheel tilting by mod-ifying the camber angle. The control system must guaranteevarious performances such as trajectory tracking, the reductionof the chassis roll angle and the minimization of half-trackchange. The control design is based on a two-step procedure.The performance specifications are met by a high-level control,in which the control input is a required signal. In the low-level control the actuator must track this signal by adjustingits current signal. The advantage of this modular design isthat the actuator level does not affect the design of a high-level control. The operation of the designed control system isillustrated through a simulation example.
I. INTRODUCTION
The variable-geometry suspension system provides newpossibilities in driver assistance systems. An analysis showsthat this system affects both steering by generating additionalsteering angle and wheel tilting by modifying the camberangle. The advantages of the variable-geometry suspensionare the simple structure, low energy consumption and lowcost, see [1]. In this paper the combination of wheel tiltingand steering is proposed.Several papers for various kinematic models of suspensionsystems have been published, see [2], [3]. Seeking to meetthe performance requirements often leads to conflicts and re-quires a compromise considering the kinematic and dynamicproperties, see [4]. The vehicle handling characteristics basedon a variable roll center suspension were presented by [5]. Ithas also been shown that the control design is in interactionwith the construction of the system, see [6].In the control design different control specifications mustbe guaranteed such as trajectory tracking, the reduction of thechassis roll angle and the minimization of half-track change.A weighting strategy is applied to achieve a balance betweenperformance specifications. Moreover, the actuator dynamicsis also built into the control design. The direct inclusion ofthe actuator dynamics in the vehicle dynamics leads to ahigh-complexity model. If the control design were carriedout on the basis of this model, this might lead to numericalproblems due to the increased complexity.
The research has been conducted as part of the project TA´MOP-4.2.2.A-11/1/KONV-2012-0012: Basic research for the development of hybrid andelectric vehicles. The Project is supported by the Hungarian Governmentand co-financed by the European Social Fund.The authors are with Systems and Control Laboratory, Insti-tute for Computer Science and Control, Hungarian Academy ofSciences, Kende u. 13-17, H-1111 Budapest, Hungary. E-mail:[bnemeth;bvarga;gaspar]@sztaki.mta.hu
Thus, in the paper a two-step procedure is proposed forthe control design. In the design of a high-level control thevehicle model containing both the steering angle and thecamber angle is considered where performance specificationsmust be guaranteed and the control input is the requiredsignal. In this step the uncertainties of the model are alsoconsidered and a weighting strategy is applied to create abalance between performance specifications. The requiredsignal must be tracked by the low-level actuator control byadjusting its current signal. The advantage of the two-stepprocedure proposed in this paper is that the control of thevariable-geometry suspension system and the control of itsactuator are handled in two independent control design steps.The reason for the separation is that the actuator level doesnot affect the design of a high-level control, thus the twodifferent control design tasks are performed independently.In the high-level control a parameter-dependent LPV methodwhile in the low-level control the H∞/μ method is appliedin the design.This paper is organized as follows. Section II presentsthe dynamic interconnection between the steering angle andthe camber angle. Section III proposes the control design ofthe variable-geometry suspension system, in which severalperformances must be guaranteed simultaneously. Section IVpresents the actuator dynamics and the design of its robustcontrol. Section V illustrates the operation of the controlsystem through a simulation example. Finally, Section VIsummarizes the contributions.
II. DYNAMIC EFFECTS OF THE VARIABLE-GEOMETRY
SUSPENSION SYSTEM
The variable-geometry suspension system affects both theposition and the orientation of the front wheels. In the aspectof a driver assistance system, steering angle δ and camberangle of the front wheels γ are relevant [6]. δ, which isthe angle between the direction of the front wheel and thatof the vehicle, has two components, i.e., δ = δd + δc. δdis performed by the driver, while δc is the control signalgenerated by the variable-geometry suspension system. Inthe following the dynamic effects of the variable-geometrysuspension system on both steering and wheel tilting arepresented.A bicycle model of the vehicle used in the description ofvehicle dynamics is extended by the wheel camber angle.The Magic form of the tire dynamics describes the effectson the steering angle, the camber angle and the lateraltyre forces (Fy), see [7]. Although it results in an accurateapproximation of the lateral tire forces, in control design
tasks a simplified form is used. Based on the Magic form [8]proposes a linear relationship between δc, γ and the lateraltire forces. This lateral tire model in the direction of thewheel-ground contact is approximated Fyf = C1αf +C1,γγand Fyr = C2αr, where γ is the wheel camber angle, C1, C2are cornering stiffnesses at the front and the rear and C1,γis the wheel camber stiffness.The vehicle is moving along the road, where both thelongitudinal and the lateral dynamics must be taken intoconsideration as shown in Figure 1.
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Fig. 1. Lateral model of the vehicle
The bicycle model is as follows:
Jψ¨ = C1l1αf − C2l2αr − C1,γ l1γ (1)
mv(ψ˙ + β˙) = C1αf + C2αr + C1,γγ (2)
where J is the yaw inertia of the vehicle, l1 and l2 aregeometric parameters, ψ is the yaw of the vehicle, β is theside-slip angle of the vehicle. and v is velocity. Moreover,
αf = δd + δc − β − l1ψ˙/v and αr = −β + l2ψ˙/v are thetire side slip angles at the front and rear, respectively.(1) and (2) show that three signals have effects on lateraldynamics: δd, δc and γ. δd is performed by the driver,while the other two signals are control signals of the driverassistance system. However, δc and γ are not independent ofeach other. Both of them depend on the lateral displacementof the actuator of the variable-geometry suspension system
ay , i.e., δc = δc(ay), γ = γ(ay). The actuator of the variable-geometry suspension system is illustrated in Figure 2.The state space representation of the variable-geometrysuspension system is the following:
x˙ = A(ρ)x+B1(ρ)w +B2(ρ)u (3)
where the state vector is x = [ψ˙ β]T , the disturbance is
w = δd. u is the control signal, which depends on both δcand γ. Since these signals are the function of ay , the controlsignal will be expressed by u = ay . The system matricesdepend on the velocity of the vehicle nonlinearly. Using ascheduling variable ρ = v the nonlinear model is transformedinto an LPV model.
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Fig. 2. Actuator of variable-geometry suspension
III. DESIGN OF THE HIGH-LEVEL CONTROL
The variable-geometry suspension system affects bothsteering by generating additional steering angle and wheeltilting by modifying the camber angle. This system assiststhe driver during maneuvers, i.e., trajectory tracking can beperformed by modifying both the steering angle and thecamber angle. Besides, the variable-geometry suspension hasan effect on the chassis roll angle and the lateral movementof the tire-road contact. Consequently, several performancerequirements must be defined, such as yaw-rate tracking, theroll angle, the half track change and the control input:
z =
[
zeψ˙ zΔhM zΔB zact
]T (4)
The goal of the control design is to guarantee perfor-mances simultaneously.In the trajectory tracking control the vehicle must followthe reference yaw rate. The purpose is to minimize thedifference between the actual yaw rate of the vehicle andthe reference yaw rate:
zeψ˙ = |ψ˙ref − ψ˙| → min (5)
Note that the reference yaw rate represents the driver require-ment, which depends on steering angle of the driver δd.The height of the roll center has an important role in thevertical dynamics of the vehicle as it determines the rollmotion. A possible way to minimize the chassis roll angle isthe minimization of the height of the roll center hM . In thiscase the difference between the roll center and the center ofgravity must be minimized:
zΔhM = |hCG − hM | → min (6)
Note that the height of the roll center in steady state isdetermined by the suspension construction.An important economy parameter is the half-track change
ΔB = f(tz, ay). The lateral movement of the contact pointis relevant from the aspect of tire wear, when the suspensionmoves up and down while the vehicle moves forward, see[9]. Thus, the unnecessary movements must be eliminated:
zΔB = |ΔB| → min (7)
The control tasks should be achieved by as little controlinput as possible. Thus, the performance focuses on theminimization of the input displacement:
zact = |ay| → min (8)
Moreover, during the control tasks it is necessary to preventa large control input, which is the lateral movement of thesuspension arm ay , which is a construction limit.The control design is based on the closed-loop intercon-nection structure of the system, see Figure 3. To emphasizethe different importance of the performances simultaneously,weighting functions Wi, i ∈ [1, 4] are used. The controldesign is based on the performance weighting functions. Iflarge weight is applied for the zeψ˙ , the controlled systemfocuses on the trajectory tracking.
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Fig. 3. Closed-loop interconnection structure
Using (3) and (4) the control design is based on the state-space representation of the system:
x˙ = A(ρ)x+B1(ρ)w +B2(ρ)u (9)
z = C1(ρ)x+D11(ρ)w +D12(ρ)u (10)
y = C2(ρ)x+D21(ρ)w (11)
where the the control signal is u = ay and the measuredsignal is the yaw rate: y = ψ˙.The control design of the variable-geometry suspension isbased on the LPV method, which uses parameter-dependentLyapunov functions, see [10], [11]. The quadratic LPVperformance problem is to choose the parameter-varyingcontroller in such a way that the resulting closed-loop systemis quadratically stable and the induced L2 norm from thedisturbance and the performances is less than a predefinedvalue
inf
K
sup
Δ
sup
‖w‖2 6=0,w∈L2
‖z‖2
‖w‖2
. (12)
where w is the disturbance and Δ represents the unmodelleddynamics.
IV. DESIGN OF ROBUST CONTROL ON THE ACTUATOR
LEVEL
The intervention of variable-geometry suspension systemsrequires the realization of lateral motion ay. In a real imple-mentation it is realized using an electro-hydraulic actuator[12], [13] or an electric motor [1]. The purpose of theactuator is the realization of the desired ay motion, whichleads to a positioning control on the actuator level. In thepaper the electro-hydraulic construction is considered as thereal actuator of the system. Several papers deal with themodeling and control of electro-hydraulic actuators, see e.g.[14], [15], [16]. The electro-hydraulic system consists oftwo main parts: a hydraulic cylinder and an electronically-controlled spool valve.
The electro-hydraulic actuator of the variable-geometrysystem is illustrated in Figure 5. Control input ay is realizedby the displacement of hydraulic cylinder xc, which iscontrolled by pressure difference pL between its chambers
V1 and V2. The value and direction of the pressure differenceare influenced by the displacement of the spool valve, whichis controlled by the current of armatures. Thus, the physicalinput of the actuator is current i, while the output is thecylinder displacement xc.
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Fig. 4. Electro-hydraulic actuator
The pressures in the chambers depend on the flows of thecircuits Q1, Q2. Because of the change of flow directionsin the circuits, the hydraulic cylinder can be considered aswitching system. However, at small xc the average flow ofthe system
QL = CdA(xv)
√
1
ρ
(ps − xv|xv|pL) (13)
can be linearized around the center position of the cylinderby using the following equation [15]:
QL = Kqxv −KcpL (14)
where Kq is the gain coefficient of the valve flow and Kcis the pressure coefficient. The dynamics of the pressuredifference is as follows [17]:
p˙L =
4βe
Vt
(QL −Apx˙c + cl1x˙c − cl2pL) (15)
where βe is the effective bulk modulus, Vt is the total volumeunder pressure, Ap is the area of the piston, cl1 and cl2 areconstruction parameters.Due to the pressure difference and the external load theposition of the cylinder is determined by the motion equationof the piston:
mcx¨c + dcx˙c = AppL + Fext, (16)
where mc is the masses of the piston and the mechanismbetween the piston and the suspension arm, dc is the dampingconstant of the system.The electronically controlled spool valve is modeled as asecond-order linear system, which creates linear dependencebetween current i and spool displacement xv , see [14]:
1
ω2v
x¨v +
2dv
ωv
x˙v + xv = kvi (17)
where dv is the valve damping coefficient, ωv is the naturalfrequency of the valve. kv valve gain is formulated as
kv = QN/(imax
√
ΔpN/2), where imax is the permittedmaximum current, while QN and ΔpN are the flow andpressure drop at imax.The dynamics of the electro-hydraulic actuator is de-scribed by the equations of hydraulic cylinder (15), (16) and(17). The actuator model is transformed into the followingstate-space representation:
x˙act = Aactxact +Bact,1wact +Bact,2uact (18)
The state vector of the actuator is xact =[
x˙v xv pL x˙c xc
]T , disturbance is wact = Fextand control input is uact = i.
The electro-hydraulic actuator model is based on thelinearization of the hydraulic cylinder. The model containsseveral parameters. There are physical parameters whosevalues are known from the operation of the system, e.g., βedepends on the pressure of chambers. There are parameterswhose values are yielded by an identification procedure,e.g., Kq and Kc in (14). Moreover, the model to be usedin the control design contains components the properties ofwhich are uncertain. The uncertainty of the model is causedby neglected dynamics, uncertain components, inadequateknowledge of components, or alteration of their behaviordue to changes in operating conditions. Thus, in the controldesign the parameter uncertainties must be considered.Uncertainty is taken into consideration in an unstructuredway in the H∞ control synthesis, thus the design processyields a conservative controller. In the complex H∞/μmethod, the structure of uncertainties is represented by adiagonal structure with full or scalar complex blocks. Inpractice, usually parametric uncertainties occur, thus theyshould be represented by repeated real blocks. In the real
H∞/μ method, the structure of uncertainties is representedby both complex and real blocks, see [18], [19]. In this paperthe H∞/μ control design method is applied to guarantee thestability of the system against parameter variations.The most important parametric uncertainties of the systemare the variation of Kq ,Kc and βe, see [15]. In (14) and (15),
the parameters are assumed to be uncertain, with a nominalvalue and a range of possible variations. All uncertaintyparameters are written in the lower linear fractional trans-formation (LFT) form. As an example value βe is expressedas follows:
βe = βˉe(1 + deδe) = Fl
([
βˉe 1
deβˉe 0
]
, δe) = Fl(Me, δe)
In the LFT structure the relationship between the output andthe input of the block Me is y˜e = βˉeu˜e + ue, while theuncertainty block δe is pulled out of the equation. Kˉq, Kˉc, βˉedenote the nominal values of the parameters, dq, dc, de arescalars, which represent the percentage of variation that isallowed for a given parameter around its nominal valueand −1 ≤ δq, δc, δe ≤ 1 determines the actual parameterdeviation. In the formulation of parametric uncertainties, allof the δi, i ∈ (q, c, e) blocks must be pulled out of the motionequations.The formulated y˜i outputs are used in (14) and (15) toexpress the parametric uncertainty of the system as follows:
p˙L =
4βˉe
Vt
(
Kˉqxv − KˉcpL −Apx˙c + cl1x˙c − cl2pL
)
+
+
4
Vt
(
βˉeuq − βˉeuc + ue
) (19)
The uncertainties of the system are involved as disturbancesin the state-space representation. Thus, (18) is modified as:
x˙ua = Auaxua +Bua,1wua +Bua,2uua (20)
where the state vector, the disturbance and the con-trol input are xua = [x˙v xv pL x˙c xc]T , wua =[
Fext uq uc ue
]T and uua = i, respectively.The goal of the positioning control of the electro-hydraulicsystem is to move the piston xc to a reference value xc,ref .Thus, the following tracking error minimization must beguaranteed:
z1 = xc,ref − xc; |z1| → min! (21)
Besides, the control input of the system must be minimizedbecause of the permitted maximum value of current i:
z2 = i; |z2| → min! (22)
The performance vector of the system is formed as zua =[
z1 z2
]T . The designed robust controller requires the mea-surement of the piston position yua = xc. The performanceand measurement equations are formulated as:
zua = Cua,1xua +Duauua (23)
yua = Cua,2xua (24)
(20), (23) and (24) describe the dynamics, performances andmeasurements of the uncertain electro-hydraulic actuator,respectively.The reference motion of piston xc,ref is determined by therequired control input of the upper-level control ay. The re-lationship between reference xc,ref and lateral displacement
ay is formed: xc,ref = f(ay). It depends on the mechanism,
which connects the cylinder and the upper-arm, while f isa static nonlinear function, thus it can be implemented as alook-up table in the control system, see e.g., Figure 5.
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Fig. 5. Static map between ay and xc
The aim of control design is to guarantee stability andthe performances of the system against disturbance Fextwhile uncertainties dq, dc, de are taken into consideration.The robust H∞/μ control design method is able to handleperformance criteria, disturbance rejection and parametricuncertainties together.The balance between performances is guaranteed by thescaling of performances using weighting functions. Wz,1 =
λ(1s + 1)/(T1s + 1) represents the frequency-dependentweight of positioning error minimization. The appropriatechoice of 1 and T1 ensures that the error is reduced to
1/λ at low-frequencies. Wz,2 = 1/imax is related to z2.
Δ incorporates the parametric uncertainties of the system,
Wext and Wref scales disturbance and reference signal ofthe system. In the robust H∞/μ control design the controllersynthesis problem is the following. Find a controller K suchthat
μΔ˜(M(iω)) ≤ 1, ∀ω ⇔ min
K∈Kstab
[
max
ω
μ(M(iω))
] (25)
where μ is the function of the structured singular valueof the system M(iω) with a given uncertainty set Δ˜ =
diag[Δr,Δm,Δp]. Δr represents the parametric uncertain-ties, Δm describes the unmodelled dynamics and Δp is afictitious uncertainty block, which incorporates the perfor-mance objectives into the μ framework.The optimization problem can be solved in an iterativeway by using a two-parameter minimization in a sequentialfashion: first minimizing over control K with scaling Dfixed, then minimizing over D with K fixed, and so on. Thecontrol design is a standard H∞ optimization problem, whilefinding D is a standard convex optimization problem. Theoptimization problems are intractable in most cases, but anad hoc algorithm known as D−K iteration has been found,see [18].
V. SIMULATION EXAMPLE
In the simulation example the operation of the variable-geometry suspension system is illustrated through a typical
medium-size car. The control design of the suspension sys-tem is performed by the Matlab/Simulink software, whilethe verification of the controller is performed by the CarSimsoftware, which is able to simulate vehicle dynamics withhigh accuracy.
Kz is selected at different values, i.e., Kz = 100 mm and
Kz = 600 mm. Figure 6 shows the results of simulations.The operations of three systems are compared. The uncon-trolled system is illustrated by solid blue line, the controlledsystem, in which Kz = 100 mm, is illustrated by dashedgreen line, while the control system, in which Kz = 600
mm, is illustrated by dash-dotted red line.Figure 6(a) illustrates the course of the vehicle. Thevehicle is driven along the course at 95 km/h velocity, whichcan be dangerous for the vehicle in the middle sections ofthe road because of sharp bends. Figure 6(b) shows thatthe lateral error of the uncontrolled vehicle is unacceptable.There are sections in which the deviation from the centerline
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Fig. 6. Simulation results in vehicle maneuvers
exceeds 1.5m, which may cause lane departures. Usingthe variable-geometry control system as a driver assistancesystem the error is reduced significantly, which is shown inFigure 6(b). Note that the reduction of the lateral error isindependent of Kz , it is based on the designed controller.The half-track change of the suspension system is shownin Figure 6(c). If Kz = 100 mm construction is set, ingeneral, the half-track change is better than in the case of
Kz = 600 mm. However, the peak value of the half-track
change is significantly worse in the Kz = 100 mm case.Besides, the actuation of control systems is greater in the
Kz = 100 mm construction, see Figure 6(d). Generally,the tendencies of control input signals are the same in bothconstructions. An interaction between ΔB and ay is alsofound. When the Kz = 600 mm construction is set the peakvalues of signal ay increase compared to the construction
Kz = 100 mm.In terms of γ and δc the effects of the suspension con-structions are different. In the case of Kz = 100 mmthe control system is able to affect mainly the modificationof wheel camber angle γ, see Figure 6(e). γ values arehigher than in the other case because this system guaranteestrajectory tracking by modifying γ. When Kz = 600 mmthe control system is able to affect both wheel camber angle
γ and steering angle δc, see also Figure 6(f). Since in thissuspension system the steering wheel angle cooperates withthe wheel camber angle, a reduced ay actuation is sufficientto perform trajectory tracking.The operation of low-level actuator control is shown inFigure 7. The signal of the high-level control ay is the
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Fig. 7. Operation of the actuator control
requirement of the lateral displacement, see Figure 6(d). Thissignal is realized by the electro-hydraulic actuator based onthe H∞/μ method.It is shown that the actuator is able to reduce the trackingerror below an appropriate value, see Figure 7(a). Thedesigned control is able to hold the current of the spool valvein an acceptable range as Figure 7(b) shows. The pressuredifference pL of the chamber is depicted in Figure 7(c). Itcan be stated that the designed low-level control is able togenerate the required control input of the high-level control
ay .
VI. CONCLUSION
The paper has proposed a two-step procedure for thedesign of a variable-geometry suspension system. In the
high-level control various vehicle performances must beguaranteed such as trajectory tracking, the reduction of thechassis roll angle and the minimization of half-track change.In the low-level control the actuator must track this signal byadjusting its current signal. The advantage of this modulardesign is that the actuator level does not affect the design ofa high-level control. The simulation example illustrates theefficiency of the variable-geometry suspension system andit shows that the system is suitable to be used as a driverassistance system.
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